Abstract: A low-complexity and adaptive nonlinearity estimation module is proposed and experimentally demonstrated based on Godard's error and low-pass filter (LPF). The computational complexity of the proposed adaptive estimation module is significantly reduced by avoiding utilizing the polarization demultiplexing, frequency offset compensation, and carrier phase recovery in the process of finding the optimal value opt compared with the previous approach based on phase noise variance. The performance of the proposed module is experimentally verified in a 40-Gb/s polarizationdivision-multiplexing-quadrature-amplitude modulation (PDM-QPSK) coherent optical communication system over 720-km single-mode fiber (SMF). Experimental results show that the computational complexity of the proposed nonlinearity estimation module is only ∼7.35% of the previous approach and ∼27.8% of that with an LPF inserted.
Introduction
In recent years, scientists and engineers have spent a lot of effort improving overall system capacity and channel spectral efficiency (SE) to meet the demands of ever-growing data traffic [1] - [4] . Optical transmission schemes based on coherent detection and digital signal processing (DSP) for polarization-division-multiplexing (PDM) advanced modulation formats are considered or deployed for next-generation optical networks [5] . In principle, enhanced DSP technology can perfectly compensate for all linear impairments such as chromatic dispersion (CD) and polarization mode dispersion (PMD) [6] , [7] . Therefore, Kerr nonlinearity effects including self-phasemodulation (SPM), cross-phase-modulation (XPM), and four-wave-mixing (FWM) in optical fiber are viewed as main obstacles to overall transmission capacity.
So far, various nonlinear compensation methods have been proposed, including phaseconjugated twin waves [8] ; mid-link optical phase conjugation (OPC) [9] , [10] ; Volterra series nonlinear equalizer [11] ; digital back propagation (DBP) [12] - [22] , and so on. Among them, DBP has attracted significant attentions since it is regarded as one of the most suitable candidates for compensation of linear and nonlinear impairments [23] . So far, proposed DBP solutions mostly rely on the full knowledge of the link parameters. However, for future reconfigurable, time varying and ultra-long haul optical communication systems, accurate link information might not be available or hard to obtain. Under this scenario, semi-blind DBP [16] or adaptive DBP (ADBP) [18] - [21] may be desirable, preferably with reduced computation complexity to meet the requirements of real-time processing. Among them, the scheme based on phase noise variance is proposed with much improved efficiency [18] , while the computational complexity of its adaptive nonlinearity estimation module may be large relatively for the real-time hardware implementations.
In this paper, we propose and experimentally demonstrate a low complexity and adaptive nonlinearity estimation module based on low-pass filter assisted DBP (LPF-DBP). The concept of DBP is still employed, while compared to previous one, the proposed scheme utilizes i) Godard's error function instead of the variance of phase noise [18] to adaptively obtain the optimized value opt and ii) the low-pass filter (LPF) to reduce the high-frequency perturbation without sacrificing the accuracy. Therefore, the proposed scheme provides both significantly improved efficiency and adaptive compensated performance simultaneously compared with the previous one. The performance of the proposed scheme is verified in a 40-Gb/s PDM-QPSK coherent optical communication system over 720-km single-mode fiber (SMF). With comparable performance to previous adaptive approach, the computational complexity of the proposed nonlinearity estimation scheme is only ∼7.35% of the previous approach and ∼27.8% of that with a LPF inserted.
Theory of Proposed Method
The basic idea of this proposed scheme is to apply Godard's error function [25] to search the optimal product opt . Here, Godard's error function is defined as
where E d ½n is the output signal of the LPF-DBP block, as shown in Fig. 1 where ðiÞ and @" min ðiÞ represent the product between nonlinear coefficient and nonlinear compensation parameter and the gradient of " min at the iteration i, respectively. i is the number of iterations of the adaptive algorithm. The formula @" min ðiÞ is defined as
As shown in Fig. 1 , the received signal is first converted from analog to digital by the analogdigital-converter (ADC). Then, the digitalized signal E ½n passed through the LPF-DBP block to compensate chromatic dispersion (CD) and nonlinearity with the inaccurate optical power and incorrect nonlinear coefficient. After the LPF-DBP compensator, Godard's error function is calculated according to (1) . It is iteratively repeated until Godard's error " min ðiÞ is minimized (i.e., the gradient @" min ðiÞ is equal to 0). However, the value of the nonlinear product ðiÞ which is decided by (2) may not have enough precision to ensure the gradient @" min ðiÞ ¼ 0. In this paper, we can be approximate to observe the sign of @" min ðiÞ with a positive and negative change for obtaining the minimum value " min ðiÞ. Therefore, When the sign of @" min ðiÞ is observed with a change, the minimized " min is obtained, and then, the optimal product opt can be obtained. If the minimum is not found, the nonlinear coefficient is updated according to (2) , and then the LPF-DBP compensator is repeated to compensate the CD and nonlinearity as shown in Fig. 1(a) . The previous adaptive nonlinearity estimation module based on phase noise variance [18] is shown in Fig. 1(b) . In this case, the signal can be out of the loop and the optimal nonlinearity product opt can enter the DBP algorithm, polarization demultiplexing, frequency offset compensation and carrier phase recovery, as shown in Fig. 1(c) . The number of iterations is mostly less than 5 in our experiments, generally determined by the initial nonlinear product ð0Þ and the launching power. The polarization demultiplexing block utilizes the constantmodulus algorithm (CMA) to accomplish polarization demultiplexing and PMD compensation. Meanwhile, the carrier phase recovery module uses the Viterbi-Viterbi phase estimator (V-VPE) to compensate the laser phase noise. Finally, the data decision module is applied for evaluating the system performance by counting the bit errors.
It is well known that the digital back propagation is typically implemented using the split-step method. A large number of steps are needed to ensure the accuracy of the split-step method, resulting in a very heavy computational load. Meanwhile, the nonlinearity of each step is approximated to be lumped at a single point, so the phase mismatch effect results in overcompensation of fiber nonlinearity from high-frequency intensity fluctuations. In order to improve the DBP performance, the proposed scheme utilizes a digital LPF [15] to limit the bandwidth of the compensating waveform. The LPF is defined as Hðf Þ ¼ expðln2ðf s =f c Þ 2 Þ, where f c is the filter cutoff frequency, and f s is the sample frequency. More importantly, the main advantage of filtered DBP can be obtained with only a few back propagation steps (i.e., the step size is about several hundreds of kilometers) for a given accuracy.
Experimental Results and Discussion
The experimental setup of 40-Gb/s PDM-QPSK coherent optical communication system for the 720-km transmission is shown in Fig. 2 . At the transmitter side, one external cavity laser (ECL) at 1550-nm is first modulated through an I/Q modulator, and the linewidth of the laser is ∼100 kHz with the output power of 14 dBm. A 10-Gbaud electrical binary signal is programmed to become a pseudo-random bit sequence (PRBS) with 2 31 À 1 length. After modulation, the 20-Gbit/s QPSK signal is split into two branches. One branch is de-correlated by a variable optical delay line and a span of 1-km SMF. Variable optical attenuator (VOA) is used to balance the optical power between two branches. Fiber loss of each span is completely compensated per span using an erbium doped fiber amplifier (EDFA) with a noise figure of ∼5 dB. The length of the total link is 720-km without in-line dispersion compensation. The SMF has a dispersion parameter of D ¼ 16:5 ps/nm/km, an attenuation of ¼ 0:2 dB/km, and a nonlinearity factor of ¼ 1:27 km À1 Á W À1 . At the coherent homodyne receiver side, the received signal and local oscillator (LO) are combined at the optical 90°hybrid. The electrical signals passing through a pair of balanced photodiodes are processed using MATLAB code in the off-line DSP module.
The normalized Godard's error with different products Ã is depicted in Fig. 3(a) . As it depends on the launching power and oversampling rate, the nonlinear compensation parameter needs to be optimized empirically, and is given different values under different scenarios. In traditional DBP algorithms, the value is introduced to adjust the performance of the system to be optimized [12] . The nonlinear compensator in the proposed module can be defined as H ¼ expðÀjL eff PÞ, where , L eff , and P is the nonlinear coefficient, the fiber length and the power signal, respectively. In this case, the launching optical power and the received power are fixed as 6-dBm and −20-dBm, respectively. We add an optical attenuator to adjust the received power in the experiment. As can be seen, once the applied Ã shifts away from the optimal value (i.e., minimum point), then Godard's error would become lager, and the corresponding constellation becomes worse. Thanks to the proposed module, Ã could be self-adjusted based on the minimization of the Godard's error in all cases. When using the optimized product Ã to compensate the signal, the constellation diagram becomes clear, as shown in insert of the Fig. 3(a) . The normalized Godard's error is defined as norm " min ðiÞ ¼ " min ðiÞ=maxð" min Þ.
The normalized Godard's error with different products Ã under the different fiber output powers is shown in Fig. 3(b) . In traditional DBP, accurate fiber output power is an important parameter to achieve high compensation performance, but in practical systems, such value would vary with the time or usually changes in different applications. In proposed scheme, the minimum Godard's error point can be found under a certain fiber output power. Therefore, different fiber output powers correspond to different minimum Godard's error as shown in Fig. 3(b) . Even though the minimum Godard's error which can derive optimal product opt is different, the proposed scheme can bring the system performance back to the optimal case. When using the optimized product opt to compensate the signal, the constellation diagram becomes clear even under different minimum Godard's error. However, under the same fiber output power, once Godard's error shifts away from the minimum point, the corresponding constellation (i.e., I) could become worse, as shown in insert of the Fig. 3(b) .
To further investigate the performance of proposed scheme, we calculate the Q 2 -value with different launching powers as shown in Fig. 4 . The sample rate is two-fold sampling (i.e., 20-Gb/s). The LPF cutoff frequency f c is 6-GHz in the proposed algorithm. We use the initial nonlinear coefficient ¼ 3 km À1 Á W À1 and the initial nonlinear compensation parameter ¼ 0:9 to investigate the performance of the proposed module. The maximum Q 2 -value with nonlinearity compensation employing the proposed method increases to 13.1-dB. Fig. 4 shows that the performance of the proposed scheme is comparable to that of previous one [18] based on the variance of phase noise. The experiment is carried out over a 720-km SMF, where nonlinearity is clearly impacting very little in the performance of the system. Therefore, we need to increase the launching power for obtaining the high nonlinear effect. However, the proposed scheme can also be employed with the longer distance and higher transmission rate. The expression Q 2 -value can be defined as
Ã BERÞÞ, where the formula erfcinv is the inverse of the complementary error function, BER is the bit error rate. We use 2 16 bits to calculate the BER. Furthermore, compared to linear equalizer (LE) compensation (i.e., only dispersion compensation), the nonlinear compensation performance improvement of up to 2.7 dB in Q 2 -value is achieved when launching power is 7 dBm. The corresponding constellation diagrams with nonlinear compensation using the proposed method and LE are shown in insets of Fig. 4 . Table 1 shows the computational complexity for each sub-function block (shown in Fig. 1 ) of the proposed and previous modules about calculated real multiplications. A block size of samples n is 65536. N s1 is the step of DBP with LPF, which is two steps (i.e., when the transmission fiber is 720-km, the step size is 360-km). N s2 is the step of DBP without LPF, which is 27 steps (i.e., the span of 80-km requires three steps). The tap length l 1 is 5 in the CMA algorithm. N s3 ¼ 2 is the times of utilizing CMA algorithm for polarization demultiplexing and time-domain equalization. Such parameters are commonly used in many CMA-based polarization demultiplexing methods, in which a large step size (i.e., 0.01) is used first for coarse equalization, and subsequently, a fine step size (i.e., 0.005) is applied to get final polarization demultiplexing and time-domain equalization. The block length l 2 is 32 in the FOC algorithm. The block length l 3 of VVPE is also 32.
The computational complexities of the proposed and previous nonlinearity estimation schemes, with and without LPF inserted, are calculated as shown in Table 2 , respectively. Here, the launch power and transmission fiber are 5-dBm and 720-km. As depicted in Fig. 1(a) , the estimation process of the proposed scheme only utilizes the block of LPF-DBP to gain the optimal value opt . The real multiplications is 3580 that is equal to 716ÃN, where N (i.e., N ¼ 5) is the number of iterations of the gamma estimation process. Meanwhile, we calculate the real multiplications of the previous method [see Fig. 1(b) ], as shown in Table 2 . In order to realize more fair comparison, we replace DBP algorithm with the LPF-DBP algorithm in the previous scheme and calculate the real multiplications as shown in Table 2 . The computational complexities for the proposed nonlinearity estimation scheme are ∼7.35% of the previous approach and ∼27.8% of that inserted with an LPF in the criterion of calculated real multiplications. Therefore, no matter with or without LPF, the proposed scheme can reduce the computational complexity significantly.
Conclusion
We have proposed an efficient, low complexity, and adaptive nonlinearity estimation module using Godard's error to estimate the optimal product opt . Even under the assumption of incorrect nonlinear values and unknown fiber output power, the product Ã could be self-adjusted based on the minimization of Godard's error in all cases. The effectiveness of the proposed Computational complexity comparison results between the proposed method, the previous method and the previous one with LPF scheme was experimentally verified in a 40-Gb/s PDM-QPSK coherent optical communication system over 720-km SMF. Furthermore, the proposed approach based on Godard's error can also be applied to higher order modulation formats by partitioning the power radius R in (1). The proposed scheme would be capable of the low loss and low gamma of pure silica fiber system in principle as the nonlinear effect in such system is much weaker compared to the standard SMF system. Meanwhile, note that we only consider the single channel case with SPM effects. It is desirable to investigate the performance of multi-channel case with SPM, XPM, and FWM effects in the near future.
